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We study the phenomenon of macroscopic quantum tunneling (MQT) in a finite size Josephson
junction (JJ) with an externally applied magnetic field. As it is well known, the problem of MQT
in a point-like JJ is reduced to the study of the under-barrier motion of a quantum particle in
the washboard potential. In the case of a finite size JJ placed in magnetic field, this problem is
considerably more complex since, besides the phase, the potential itself, depends on space variables.
We find the general expressions both for the crossover temperature T0 between thermally activated
and macroscopic quantum tunneling regimes and the escape time τesc. It turns out that in proximity
of particular values of magnetic field the crossover temperature can vary non-monotonically.
PACS numbers: 74.50.+r
I. INTRODUCTION
The Josephson effect1,2 allows the investigation of fun-
damental aspects of quantum phenomena such as the
macroscopic quantum tunneling (MQT)3 which has been
more recently observed for the first time also in high-Tc
bi-epitaxial Y BCO junctions4,5. Interesting results have
been obtained also in various Bi − 2212 structures par-
ticularly referred to “intrinsic” Josephson junctions.
Usually the phenomenon of macroscopic quantum tun-
neling is considered in a “point”- like Josephson Junc-
tions (JJ), i.e. completely neglecting the finiteness of
the junction size L (some exceptions can be found in
theoretical and experimental6 papers7,8). This, zero or-
der in L, approximation is based on the assumption that
the junction size is much smaller than all other related
parameters of the problem, such as the Josephson pen-
etration depth λJ =
(
~c2/8πejcℓeff
)1/2
and the charac-
teristic length LH = ℓ
2
H/ℓeff , (with ℓH = (~c/eH)
1/2
as the standard quantum mechanical magnetic length)9.
The effective length ℓeff depends on the relation between
the thickness d(i) (i = L,R) of the superconductive elec-
trodes and the London penetration depth λ(i) of the bulk
superconductor materials, which the electrodes are made
of. In the limiting cases one can find10
ℓeff =
{
λ(1) + λ(2) + dox, λ(i) ≪ d(i)
d(1) + d(2) + dox, d(i) ≪ λ(i) . (1)
Thermal fluctuations in Josephson junctions, produce
a typical ”rounding” of the Josephson current branch in
the I-V curves11,12. Since the pioneering measurements
of thermal fluctuation phenomena, to obtain such an ef-
fect, the required condition between thermal energy and
Josephson coupling energy (EJ ∼ T ), was usually real-
ized not by increasing the temperature, rather, by re-
ducing the value of EJ by applying a proper magnetic
field. This, even in the case of small JJ (L < λJ ), has
significant implications which become of paramount im-
portance in MQT activation.
In this context the authors13 reported the analysis of
the role of finiteness of the junction’s length L obtaining
the general expression for the crossover temperature T0
between thermally activated and MQT regimes for such
JJ. The escape time τesc was calculated with the expo-
nential accuracy in the first approximation in (L/LH)
2
for temperatures T > T0 and for small region below T0.
It was demonstrated that the account for the junction’s
size results in the appearance of a strong sensitivity of
the MQT process on applied magnetic field, making the
crossover temperature to be non-monotonic function of
it. Since magnetic field is an easily adjustable parame-
ter, it can become an important tool in study of such a
quantum coherent phenomenon without modification of
other junction parameters.
In the present article we will proceed and develope the
study of MQT in a finite size Josephson junction (JJ)
placed in magnetic field. First we will report the mean
field solutions for the effective action of such a finite size
Josephson system and find the values of the effective ac-
tion at the extremal trajectories. Then, the explicit form
of phase trajectories close to the extremal ones and corre-
sponding action functional will be found. This will allow
us to find the pre-exponential factor in the expression for
2τesc of such extended system in a wide temperature re-
gion, including the crossover point T0. It turns out that in
the vicinity of magnetic fields values Hn = Φ0n/ (Lℓeff)
(Φ0 = π~c/e is the magnetic flux quantum, c is light ve-
locity), the escape time can vary non-monotonically, a
new phenomenon which becomes the fingerprint for the
experimental check of the proposed theory.
In our analysis we will suppose that L ≪ λJ but will
not impose any restrictions on the relation between L
and LH .
II. GENERALITIES
A. Escape time
Starting the discussion of the phenomenon of Joseph-
son current decay in a finite size Josephson junction let
us recall the substance of this process in a point-like junc-
tion.
Let us consider a current biased Josephson tunnel junc-
tion. In the framework of the capacitively shunted junc-
tion model it can be represented by the electronic equiv-
alent circuit, where the resistance of the external circuit
(Rext), the intrinsic junction capacitance (C) and junc-
tion resistance (RT ), assumed as a linear ohmic element,
are connected in parallel2. The current balance in the
circuit can be accounted by the following equation
I = Ic sin 2φ+
V
RT
+ C
dV
dt
, (2)
where
φ = e
∫
V dt (3)
is the relative phase between the two superconductors.
Equation (2) can be rewritten in the form:
MC
∂2φ
∂t2
+ η
∂φ
∂t
+
∂U (φ)
∂φ
= 0, (4)
where MC = ~
2C/e2, η = ~
(
e2R
)−1
U(φ) = −(~I
e
φ+ EJ cos 2φ), EJ =
~Ic
2e
. (5)
Eq. (4) can be considered as the equation of motion with
friction (η is its viscosity) of a particle of massMC in the
washboard potential (5) (see Fig. 1). The values of the
bias current I and the critical current Ic determine the
slope of the potential U(φ) and the depth of valleys.
Let us study the case I < Ic. The minima of potential
(5) correspond to the metastable states of the junction.
We will assume the junction viscosity to be small enough
not to affect noticeably the particle oscillations in the
well and its under-barrier motion. At high temperatures
the thermally activated escape dominates and the result
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FIG. 1: Washboard potential.
of classical Kramers problem of a particle moving in the
washboard potential U (x) is valid:
Γ =
[
τ (th)esc
]−1
≈ ωp
2π
exp
[
−∆U
T
]
, (6)
where the characteristic plasma frequency ωp is given by
the interpolation formula
ωp =
[
1
MC
d2U(φ)
dφ2
] 1
2
φmin
=
(
2πcIc
Φ0C
)1/2 [
1−
(
I
Ic
)2]1/4
(7)
and ∆U = Umax−Umin. The extremes of potential Umax
and Umin correspond to the local maximum and local
minimum of the potential energy.
When the temperature decreases thermal activation
becomes less and less probable and the process of quan-
tum tunneling through the barrier becomes important.
Near some temperature T0 the crossover between Arre-
nius law and quantum tunneling regime takes place. The
latter can be considered as the underbarrier motion of
the particle (instanton propagation).
At very low temperatures (T ≪ ωp) the tunneling
takes place only from the lowest level of the energy spec-
trum. When Ic−I ≪ Ic the escape rate can be presented
in the form14:
Γ =
[
τ (qm)esc
]−1
=
6ωp√
π
(
6∆U
ωp
)1/2
exp
[
−36∆U
5ωp
]
. (8)
One can see that the main difference between Eqs. (6)
and (8) consists only in the temperature dependence of
the exponent, whereas in the classical case this is the
3activation Boltzmann exponential law with the exponent
equal to the barrier height divided T , in the case of the
quantum tunneling temperature in exponent has to be
substituted by ωp.
At an arbitrary temperature the combined tunneling
occurs by the following scheme. First, the particle ex-
cites in the thermal activation manner and at some mo-
ment gets up to the energy level En (calculated neglect-
ing tunneling) and then by means of quantum tunneling
passes through the barrier. The total tunneling proba-
bility is determined by the sum over all quantum levels
of corresponding products of the classical and quantum
probabilities:
Γ ∼
∑
n
exp
(
−En
T
)
exp {−A (En)} . (9)
Here
A (En) =
∮ √
2MC [En − U(φ)]dφ (10)
is the action corresponding to the under-barrier motion
of the particle with energy En.
One can say that quantum tunneling occurs when the
particle reaches such a level Etun at which the proba-
bility of the direct quantum tunneling through the bar-
rier becomes larger than the probability of the activation
jump on the higher energy levels with further tunneling
through the barrier. Quantitatively this can be formu-
lated as the condition for the extremum of the exponent
in Eq. (9)
∂A (E)
∂E
∣∣∣∣
Etun
= − 1
T
. (11)
Condition (11) implies that the period of the particle os-
cillatoin in the inverted potential is equal to 1/T . With
the growth of temperature the energy Etun increases and
when T = ωp/2π it reaches the barrier height. At higher
temperatures the classical activation escape scheme is re-
alized.
The value of the escape time τesc of the finite size JJ
in magnetic field can be determined in the framework
of the general method of functional integration. In this
approach the escape rate of the MQT, which is defined
by the imaginary part of the free energy τ−1esc = 2 ImF,
can be expressed in terms of the partition function of the
system15:
F = −T lnZ, (12)
where the latter is defined by the functional integral of
the S-matrix over all possible trajectories ϕ (r, τ) :
Z =
∫
Dϕ (r, τ) exp (−A [ϕ (r, τ)]) . (13)
Here ϕ (r, τ) is the phase difference on the junction at
the point r and imaginary time τ and A [ϕ (r, τ)] is the
effective action of such extended system.
The problem of MQT makes sense only within the
framework of the quasi-classical approximation, i.e. to
assume that the value of escape time considerably ex-
ceeds all characteristic time-scales of the internal mo-
tions. In this case, the imaginary part of the partition
function is small in comparison with the real one, hence
τ−1esc = 2T
Im
∫
Dϕ (r, τ) exp (−A [ϕ (r, τ)])
Re
∫
Dϕ (r, τ) exp (−A [ϕ (r, τ)]) . (14)
The imaginary part in the numerator of Eq. (14) is
determined by the saddle trajectory of action ϕsdl (r, τ) ,
while the real part of the partition function in denom-
inator has to be calculated at the minimal trajectory
ϕmin (r, τ) . For high enough temperatures T > T0, or in
narrow vicinity of T0 ( |T − T0| ≪ T0), both trajectories
ϕsdl (r) and ϕmin (r) turn out to be time independent15,16
and the exponential factor in τ−1esc , in analogy with Eq.
(6), is determined by the expression
τ−1esc ∼ exp
[−∆Asdlmin] ,
∆Asdlmin = A
[
ϕsdl (r)
]−A [ϕmin (r)] . (15)
In the assumption of zero viscosity, one can obtain both
thermally activation and MQT escaped times (the latter
even with pre-exponential factor accuracy)15. For tem-
peratures above but not too close to T0 it is read as
τ−1esc = T0
sinh
(ωp
2T
)
sin (πT0/T )
exp
{−∆Asdlmin} . (16)
Hence, in order to find the escape time (Eqs. (15)-(16))
one has to calculate the values of action for trajectories
ϕsdl and ϕmin. The crossover temperature T0 turns to be
the bifurcation point, below which the time dependent so-
lution for the saddle point trajectory ϕsdl (r, τ) becomes
more favorable than the static one and the definition of
escape time presents more sophisticated problems.
B. Effective action
The effective action of a Josephson junction placed in
external magnetic fieldH as a function of flowing through
the junction current I, can be written down in the most
general case basing on the results of17,18:
4A [ϕ (r, τ)] =
1
S
∫ 1/2T
−1/2T
dτ
∫
d2r
{
C
2e2
(
∂ϕ (r, τ)
∂τ
)2
− ~
e
Iϕ (r, τ) − π~
2RNe2
∫ 1/2T
−1/2T
dτ1 {{1− cos [ϕ (r, τ) − ϕ (r, τ1)]} ·
αL (τ − τ1)αR (τ − τ1) + cos [ϕ (r, τ) + ϕ (r, τ1)]βL (τ − τ1)βR (τ − τ1)}+ π~T
2
Rshe2
·∫ 1/2T
−1/2T
dτ1
sin2 ([ϕ (r, τ) − ϕ (r, τ1)] /2)
sin2 [πT (τ − τ1)]
}
+
~
2c2
8πe2ℓeff
∫ 1/2T
−1/2T
dτ
∫
d2r
(
∂ϕ (r, τ)
∂r
− eℓeff
~c
[H× n]
)2
.
(17)
Here C is the junction capacitance, RN is the tunnel
resistance, Rsh is the shunt resistance, α(L,R) (τ) and
β(L,R) (τ) are integrated over the energy variable normal
and anomalous Green functions. The integrals are car-
ried out over the imaginary time and the junction area.
The first term corresponds to the kinetic energy of the
junction. The second and fourth terms describe the con-
tribution of the potential energy to the action. Let us
stress that the third term, corresponding to the capac-
itance renormalization, appears only beyond the quasi-
classical approximation. The last term in Eq. (17) ac-
counts for the finite size of the junction and the magnetic
field contribution to the effective action.19
The natural assumption T0 ≪ Tc side by side with the
assumed above condition L≪ λJ allows to considerably
simplify the general expression Eq. (17), what was done
in the leading approximation in (L/λJ)
2
in Ref.13. It
was shown that in these conditions the third term in Eq.
(17) disappears being reduced to renormalization of the
capacity C in the first term
C∗ = C +
π~
2RN
∫ ∞
−∞
dω
2π
(
∂αL
∂ω
)(
∂αR
∂ω
)
(18)
and changing in the definite way the shape of ϕ (r, τ).
Variation of Eq. (17) on ϕ results in getting of the
quasi-classical equations of motion10, which define the
extremal trajectories
δA [ϕ]
δϕ
∣∣∣∣
ϕ=ϕextr(r,τ)
= 0. (19)
Near the extremal trajectory ϕextr (r, τ) the deviation of
the function ϕ (r, τ) can be represented in the form of
expansion by normalized functions ϕkn (r, τ)
ϕ (r, τ) = ϕextr (r, τ) +
∑
Bknϕ
k
n (r, τ) (20)
which are the eigenfunctions of the equation
δ2A [ϕ]
δϕ2
ϕkn (r, τ) = Λ
k
nϕ
k
n (r, τ) . (21)
In this representation the action (17) near the extremal
trajectory ϕextr (r, τ) is presented by Gaussian type func-
tional integral over functions ϕkn (r, τ) which can be car-
ried out analytically. Thus, the problem of definition
of the value of escape time is reduced to finding of the
eigenvalues Λkn of the Eq. (21)
15.
We will restrict our consideration within two regions
of temperatures: a). T > T0 and b) |T − T0| ≪ T0. This
choice is related to the fact that in both these regions one
can use the functions ϕ (r, τ) in the form Eq. (20) with
time independent ϕextr (r) . The width of the crossover re-
gion between thermal activation and macroscopic quan-
tum tunneling regimes turns to be much smaller than T0
and will be estimated below.
III. EXTREMAL TRAJECTORIES IN STATIC
APPROXIMATION
Let us find the explicit form of the extremal trajectory
ϕextr in static approximation, i.e. in the case when it can
be considered as time independent. Moreover, in the
geometry under consideration, when the magnetic field
is applied along the junction, the phase depends only on
one coordinate x. Substitution of ϕextr (x, τ) ≡ ϕextr (x)
in Eq. ( 19) leads to the equation
− λ2J
∂2ϕextr (x)
∂x2
+
1
2
sin 2ϕextr (x) =
I
2jcS
. (22)
We will look for its solutions in the form
ϕextr (x) = ϕ0 − x
LH
+ ϕ˜ (x) , (23)
where ϕ0 is a constant, and 〈ϕ˜ (x)〉 = 0. Corresponding
boundary conditions are
∂ϕ˜
∂x
∣∣∣∣
x=−L/2
=
∂ϕ˜
∂x
∣∣∣∣
x=L/2
= 0. (24)
One can look for solutions of Eq. (22) in the
frameworks of the perturbation theory by the parame-
ter (L/λJ)
2
. In the first approximation one can rewrite
Eq. (22) in the form
− λ2J
∂2ϕ˜ (x)
∂x2
=
I
2Sjc
− 1
2
sin
[
2
(
ϕ0 − x
LH
)]
. (25)
This equation with the given above boundary conditions
is easily solvable:
5ϕ˜ (x) =
1
2
(
LH
2λJ
)2{[
sin
(
2x
LH
)
− 2x
LH
cos
L
LH
]
cos 2ϕ0
+
[
LH
L
sin
(
L
LH
)
− cos
(
2x
LH
)
+sin
(
L
LH
)(
L
6LH
− 2x
2
LLH
)]
sin 2ϕ0
}
. (26)
The phase ϕ (x, ϕ0) is a periodic function of ϕ0 with
the period π. It turns out that some critical value of the
current Icr (H) exists such, that for all I < Icr one can
find for each period two solutions for ϕ0. The exception
presents narrow regions of certain magnetic field values,
which will be found and investigated below. It will be
shown that for such regions four different solutions for
ϕ0 exist in the interval ]−π/2, π/2]. Two solutions cor-
respond to the minimum of action while the other two
to its saddle point. When I = Icr pair solutions (one
corresponding to the minimum, the other to the saddle
point of the action) confluent in one, while for I > Icr
the static solution does not exist at all. In the simple
case of a point-like junction one can find:
ϕmin00 =
1
2
arcsin
(
I
jcS
)
(27)
and
ϕsdl00 =
π
2
− 1
2
arcsin
(
I
jcS
)
. (28)
When the junction has finite width the analysis is more
complicated. Nevertheless the smallness L ≪ λJ allows
us to find the relation between ϕ0 and I, i.e. to find
ϕextr (x, I). Indeed, integrating Eq. (22) over x, one can
obtain:
I = jcS
∫ L/2
−L/2
dx
L
sin
(
2ϕ0 − 2x
LH
+ 2ϕ˜ (x)
)
. (29)
Substituting in this expression ϕ˜ (x) according to Eq.
(26) and performing integration one finds the equation
which implicitly relates ϕ0 to I :
LH
L
sin
(
L
LH
)
sin 2ϕ0 +
1
2
(
LH
2λJ
)2
·
κ
(
LH
L
)
sin 4ϕ0 =
I
jcS
, (30)
where
κ
(
LH
L
)
= 2
(
LH
L
)2
sin2
(
L
LH
)
+ cos2
(
L
LH
)
− 3LH
2L
sin
(
2L
LH
)
− 1
3
sin2
(
L
LH
)
. (31)
The critical current Icr (H) is determined by the value
I (ϕ̂0) , where the point ϕ̂0 is solution of the equation
∂I (ϕ0)
∂ϕ0
∣∣∣∣
ϕ0=bϕ0
= 0, Icr (H) = I (ϕ̂0) . (32)
IV. THE VALUE OF EFFECTIVE ACTION AT
THE EXTREMAL TRAJECTORIES
Let us find the value of effective action of the finite size
JJ on the extremal trajectory ϕextr (x). The knowledge
of A [ϕextr (x)] will allow us to find the value of escape
time with the exponential accuracy in the wide interval
of temperatures above T0, or close enough to this bifur-
cation point (|T − T0| ≪ T015). Further definition of the
pre-exponential factor will require to perform the func-
tional integration in Eq. (14) over the trajectories close
to the extremal one.
In the case when the phase trajectory ϕ (x, τ) ≡ ϕ (x)
does not depend on imaginary time (static approxima-
tion) Eq. (17) is considerably simplified:
A [ϕ (x)] =
~Sjc
eLT
∫ L/2
−L/2
dx
{
− I
Sjc
ϕ (x)
−1
2
cos 2ϕ (x) + λ2J
(
∂ϕ (x)
∂x
+
1
LH
)2}
. (33)
The straightforward integration of this expression with
the phase ϕ (x) determined from the Eqs. ( 23), ( 26)
results in
A (ϕ0) = − ~I
eT
ϕ0 − ~Sjc
2eT
(
LH
L
)
sin
(
L
LH
)
cos 2ϕ0
+
~Sjc
8eT
(
LH
2λJ
)2 [
µ
(
LH
L
)
− κ
(
LH
L
)
cos 4ϕ0
]
(34)
with
µ
(
LH
L
)
= 2
{[(
LH
L
)2
+
1
3
]
sin2
(
L
LH
)
− 1.
}
.
(35)
This expression already gives in explicit form the value
of action both for minimal and saddle trajectories (de-
termined as function of current and magnetic field by
Eq. (30)). Let us mention that Eq. (30) could be ob-
tained from Eq. (34) deriving the action and equating
this derivative with zero: ∂A (ϕ0) /∂ϕ0 = 0. Moreover,
calcuating the second derivative of the action (34) one
find another useful relation
∂2A (ϕ0)
∂2ϕ0
=
2~Sjc
eT
[(
LH
L
)
sin
(
L
LH
)
cos 2ϕ0
+
(
LH
2λJ
)2
κ
(
LH
L
)
cos 4ϕ0
]
. (36)
Note that both Eqs. (30) and (34) are valid for any
value of magnetic field, even in the region where the sec-
ond (correction) term in Eq. (30) becomes of the order
or even larger than the first one. Eq. (32) for the value
of ϕ̂0 can be written in the form:
δ1 cos 2ϕ̂0 + 2δ2 cos 4ϕ̂0 = 0, (37)
6where
δ1 =
LH
L
sin
(
L
LH
)
and δ2 =
1
2
(
LH
2λJ
)2
κ
(
LH
L
)
.
(38)
Solutions of Eq. (37) are
cos 2ϕ̂0 = − δ1
4δ2
±
√(
δ1
4δ2
)2
+
1
2
. (39)
In the case when |δ1/δ2| > 1 the only physically sensi-
ble solutions are given by the equation
cos 2ϕ̂0 =
δ1
4δ2
√1 + 8(δ2
δ1
)2
− 1
 . (40)
When |δ1/δ2| < 1 the solutions corresponding to both
signs in Eq. (39) can be realized. This is the hystere-
sis domain: the type of solution here depends on the
prehistory of magnetic field variation. At special points
Hn = π~cn/ (eLℓeff), where L = πnLH (n = 0, 1, 2...),
both states on each period start to be equivalent.
Let us return to Eq. (30). It can be rewritten by means
of the functions δ1 (H) and δ2 (H) (see Eq. (38) as
δ1 sin 2ϕ0 + δ2 sin 4ϕ0 =
I
jcS
. (41)
This equation can be solved exactly in the algebraic
functions, but for simplicity we will find its solutions,
ϕmin0 and ϕ
sdl
0 in the framework of the perturbation the-
ory under the assumption |δ1| ≫ |δ2|. Simple algebra
leads to the result:
1
2
arcsin
(
I
jcSδ1
)
− δ2
δ1
(
I
jcSδ1
)
=
{
ϕmin0 , if I/jcSδ1 > 0
ϕsdl0 , if I/jcSδ1 < 0
(42)
and
π
2
sign
(
I
jcSδ1
)
− 1
2
arcsin
(
I
jcSδ1
)
− δ2
δ1
(
I
jcSδ1
)
=
{
ϕsdl0 , if I/jcSδ1 > 0
ϕmin0 , if I/jcSδ1 < 0
. (43)
The Eqs. (42)-(43) were obtained with the help of Eq.
(36). Inserting the values of ϕmin0 and ϕ
sdl
0 to Eq. (34)
one can obtain the final expression for the difference of
actions on the extremal trajectories
∆Asdlmin = A
[
ϕsdl0
]−A [ϕmin0 ]
= − ~I
eT
[
π/2− arcsin
∣∣∣∣ IjcSδ1
∣∣∣∣]
+
~jcS
eT
√
1−
(
I
jcSδ1
)2(
LH
L
)
sin
(
L
LH
)
·{
1 + 2
(
δ2
δ1
I
jcSδ1
)2}
sign
(
I
jcSδ1
)
, (44)
which determine in explicit form the exponential factor
of the escape time (15). Looking at it one can notice
the nontrivial oscillatory type dependence of the escape
time on the value of external magnetic field, which we
will discuss in the final part of the article.
V. THE VALUE OF EFFECTIVE ACTION AT
TRAJECTORIES CLOSE TO THE EXTREMAL
(PRE-EXPONENTIAL FACTOR)
The expression (34) obtained above allows to deter-
mine the escape rate with the exponential accuracy,
what indeed was done above. Determination of the pre-
exponential factor is more delicate task which requires
knowledge of the shape of trajectories close to the ex-
tremal one with further functional integration of the ac-
tion over them. Now we pass to perform this program.
In real situation the bifurcation point T0 lies always
much below the critical temperature: T0 ≪ Tc.For tem-
peratures T0 < T ≪ Tc, or |T0 − T | ≪ Tc the general
expression (17) can be considerably simplified:
A [ϕ (x, τ)] =
1
L
∫ 1/2T
−1/2T
dτ
∫ L/2
−L/2
dx
{
C
2e2
(
∂ϕ (x, τ)
∂τ
)2
− ~
e
Iϕ (x, τ) − ~jcS
2e
cos [2ϕ (x, τ)]
+
~
4πRshe2
∫ 1/2T
−1/2T
dτ1
[
ϕ (x, τ) − ϕ (x, τ)
τ − τ1
]2
+
~jcS
2e
λ2J
(
∂ϕ (x, τ)
∂x
− eℓeffH
2
ext
~c
)2}
. (45)
Let us find the solutions of Eq. (21) in the vicinity of the both time independent extremal trajectories (sur-
7faces). We will look for them in the form:
ϕkn (x, τ) =
√
T exp (i2πTnτ)χkn (x) . (46)
Substitution of this expression in Eqs. ( 17)-(21) leads
to equations for χkn (x) :
− λ2J
∂2χkn (x)
∂x2
+
[
ζ
(
n2 +Qsh|n|
)
+cos
(
2ϕextr (x)
)]
χkn (x) =
e
2~jc
Λknχ
k
n (x) , (47)
where we have introduced the Q-factor Q−1sh =
2πTRshC
∗/~ and the parameter ζ = 2π2T 2C∗/ (e~jcS) .
Note, that at the point T0 one has
Λ0±1 (T0) = 0, (48)
since namely at this point appears the first time-
dependent solution for the extremal trajectory.
Let us recall that Eq. (47) is valid for both extremal
trajectories ϕsdl and ϕmin. We will look for its solutions
in the form of perturbation theory series in parameter
(L/λJ)
2
. There are two sets of corresponding eigenfunc-
tions. In the zero order approximation they can be odd
or even in x.
For even values of k (k = 2N,N = 0, 1, 2...) we have
χ2N±n (x) = cos
(
2πN
L
x
)
+ γ2N±n (x) ,∫ L/2
−L/2
dx cos
(
2πN
L
x
)
γ2N±n (x) = 0. (49)
For odd values of k (k = 2N + 1, N = 0, 1, 2...) the
eigenfunctions have form
χ2N+1±n (x) = sin
(
π (2N + 1)
L
x
)
+ γ2N+1±n (x) ,∫ L/2
−L/2
dx sin
(
π (2N + 1)
L
x
)
γ2N+1±n (x) = 0.
(50)
The last integrals in Eqs. (49) and (50) express the
relations of orthogonality between the first order correc-
tion γk±n (x) and corresponding zero approximation solu-
tion. The functions γ are supposed to be small enough:
|γk±n (x) | ≪ 1.
For k 6= 0 one can restrict consideration by the main
approximation only and get from Eqs. (48),(49),(50) the
following expression for the eigenvalues Λk±n
e
2~jc
Λk±n = λ
2
J
(
πk
L
)2
+ ζ
(
n2 +Qsh|n|
)
+
LH
L
sin
(
L
LH
)[
1 +
1
1− (LHL πk)2
]
cos (2ϕ0) .
(51)
For the eigenvalues with k = 0 (Λ0±n) we have to find the
eigenvalues up to the first correction term in parameter
(L/λJ)
2
. From Eqs. (48),(49) follows the equation for
γ0±n (x) :
−λ2J
∂2γ0±n (x)
∂x2
+ cos
(
2ϕ0 − 2x
LH
)
−LH
L
sin
(
L
LH
)
cos 2ϕ0 = 0. (52)
Its solution, in view of the boundary condition Eq. (24),
is:
γ0±n (x) =
(
LH
2λJ
)2 [
2x
LH
cos
(
L
LH
)
− sin
(
2x
LH
)]
sin 2ϕ0
−
(
LH
2λJ
)2 [
cos
(
2x
LH
)
− LH
L
sin
(
L
LH
)
+
LH
L
sin
(
L
LH
)(
2x2
L2H
− L
2
6L2H
)]
cos 2ϕ0. (53)
¿From Eqs. (47),(49),(53) one finds the value of Λ0±n
with the first correction terms (compare to Eq. (51) ) :
e
2~jc
Λ0±n = ζ
(
n2 +Qsh|n|
)
+
LH
L
sin
(
L
LH
)
cos 2ϕ0
+
(
LH
2λJ
)2
κ
(
LH
L
)
cos 4ϕ0. (54)
One can notice, that the eigenvalue Λ00 in the vicinity of
the saddle point trajectory is negative. This property is
an obvious consequence of the Eqs. (36)-(37) and namely
this fact results in the appearance of the imaginary part
of the partition function (13).
Substitution of n = 1 to Eq. (54) gives us the explicit
definition of the crossover temperature T0
13:
ζ (T0) (1 +Qsh (T0)) +
LH
L
sin
(
L
LH
)
cos 2ϕ0
+
(
LH
2λJ
)2
κ
(
LH
L
)
cos 4ϕ0 = 0 , (55)
where ϕ0 = ϕ
sdl and it is the function of external current
I and magnetic field H (see Eqs. (30)- (42)). For the
critical value of current, where ∂I/∂ϕ0 = 0, T0 = 0.
This equality follows immediately from equations Eq.
(55). Note that our parameter of perturbation theory
is (LH/λJ)
2
and the corrections to eigenfunctions (Eqs.
(49) and (53)) are small by this parameter for all values
of the external current I and magnetic field H . That
means that the Eq. (30) is valid even in the vicinity
of the points, where sin (L/LH) = 0. Important that in
these regions both terms in the r.h.s. of the Eq. (30)
are of the same order and the nontrivial dependence of
ϕ0 (I,H) arises, since Eq. (30) is equivalent to the fourth
order equation and in considered region all its coefficients
turn out to be of the same order.
8Now one can write down the expression for the effec-
tive action (45), valid near both extremal trajectories.
It is enough to substitute in Eq. (45) function ϕ (x, τ)
in the form of Eq. (20) with ϕkn (x, τ) defined by Eqs.
(46),(49) and (53)). Since the eigenvalues Λ0±1 tend to
zero as T → T0 for saddle point trajectory we have to
keep in expansion of the effective action over the coeffi-
cients {B0±1} all terms up to the fourth order, keeping
also the products of the type {(B01)2Bk−2, (B0−1)2Bk2}.
In result of integration over x and τ (see Appendix A)
the action (45) takes the explicit form as the function of
coefficients Bkn:
A
[
B00 , B
0
1 , B
0
−1, ..B
k
n..
]
= A [ϕextr (x)]
− γ1
[
2B01B
0
−1B
0
0 +
(
B01
)2
B0−2 +
(
B0−1
)2
B02
]
− γ2
(
B01
)2 (
B0−1
)2
+
1
2
∑
n,k
Λkn|Bkn|2. (56)
Calculation of the coefficients γ1,2 is cumbersome but
straightforward. It is necessary to remember that the
functions χk±n (x) before to be used in Eq. (45) should
be normalized. In result one finds
γ1 =
2~jc
e
(
T
S
)1/2{
LH
L
sin
(
L
LH
)
sin 2ϕ0 +
2
(
LH
2λJ
)2
κ
(
LH
L
)
sin 4ϕ0
}
, (57)
γ2 =
2~jc
e
(
T
S
){
LH
L
sin
(
L
LH
)
cos 2ϕ0+
1
2
(
LH
2λJ
)2 [
5κ
(
LH
L
)
cos 4ϕ0 + 3µ
(
LH
L
)]}
. (58)
VI. OSCILLATIONS OF THE ESCAPE TIME VS
MAGNETIC FIELD
Now we are ready to calculate the escape time of the
”small” JJ, which is given by Eq. (14). The imaginary
part of the partition function ImZ in Eq. (14) is deter-
mined by the integral over trajectories close to the saddle
point trajectory ϕsdl (x) (see Eq. (20) ). Corresponding
expression for action was already obtained above and it
is given by Eq. (56). The functional integral in Eq. (14)
is reduced now to integration over all coefficients Bkn.
Let us start from the integration over the coefficient
B00 . Since the eigenvalue Λ
0
0 in vicinity of the saddle point
trajectory is negative it requires special considerations.
In order to get the finite answer one has before integra-
tion to perform analytical continuation B00 → ib and only
after that to carry out the integral:∫ ∞
−∞
dB00√
2π
exp
[
−1
2
Λ00
(
B00
)2
+ 2γ1B
0
0
(
B01B
0
−1
)]
→ i
∫ ∞
−∞
db√
2π
exp
[
−1
2
|Λ00|b2 + 2iγ1b
(
B01B
0
−1
)]
=
i√
|Λ00|
exp
(
− 2γ
2
1
|Λ00|
(
B01B
0
−1
)2)
. (59)
Integration of the coefficients B0±1, we will yet leave for
further consideration and now perform that one over the
coefficients B0±2 in accordance with the formula∫ ∞
−∞
d2B0±2
2π
exp
{
−Λ02
(
B02
)2
+ γ1
[(
B01
)2
B0−2
+
(
B0−1
)2
B02
]}
=
1
2Λ02
exp
(
γ21
Λ02
(
B01B
0
−1
)2)
. (60)
Integrations over the remaining coefficients, besides are
of the canonical Gaussian type and can be easily per-
formed.
What concerns calculation of the real part of the par-
tition function ReZ it is determined by integration over
the trajectories passing close to the minimal trajectory
ϕmin (x) and in this case one can take the action (56)
only with quadratic accuracy over Bkn.
Performing discussed above integrations in real and
imaginary parts of the partition function (see Ref.15))
one finds the escape time for high enough temperatures
T > T0, or in the narrow vicinity of T0 (|T − T0| ≪ T0):
τ−1esc = 2T0 exp
{−∆Asdlmin} ·{
1
2
√
|Λ00|
∫∞
−∞
d2B01
2π exp
[
−Λ01|B01 |2 − |B01 |4
(
−γ2 + γ21
(
2
|Λ00|
− 1
Λ02
))]}
sdl
{√
|Λ00|
}
min
Y1Y2, (61)
with
Y1 =
{
∞∏
k=1
1√
Λk0
(
∞∏
n=1
1
(2Λkn)
)}
sdl
/{
∞∏
k=1
1√
Λk0
∞∏
n=1
1
(2Λkn)
}
min
, (62)
9Y2 =
{
∞∏
n=2
1
(2Λ0n)
}
sdl
/{
∞∏
n=1
1
(2Λ0n)
}
min
. (63)
Note that the pre-factor in Eq. (61) contains T0 instead
of T . The eigenvalues {Λnk}[min,sdl] are defined by Eqs.
(51), (54).
The remaining integral over B01 in Eq. (61) can be
expressed in terms of Fresnel integral
Φ (x) =
2√
π
∫ x
0
dt exp
(−t2) (64)
and one obtains τ−1esc in the final form:
τ−1esc =
1
4
√
π
B
T0 exp
(−∆Asdlmin)Y1Y2{√Λ00}
min
˙{
1√
|Λ00|
[
1− Φ
(
Λ01
2
√
B
)]
exp
(
Λ01
)2
4B
}
sdl
, (65)
with
B = −γ2 + γ21
(
2
|Λ00|
− 1
Λ02
)
sdl
. (66)
Using the explicit Eq. (54) for eigenfunctions Λ0n one
can present Eq. (63) in terms of Euler gamma-function
Γ (x):
Y2 =
4~jcζ
e
[Γ (2− n1 (H)) Γ (2− n2 (H))]sdl
[Γ (1− n1 (H)) Γ (1− n2 (H))]min
,
while the values [n1,2]saddle,[n1,2]min are roots of equation
ζ (T )
[
n2 +Qsh (T )n
]
+
LH
L
sin
(
L
LH
)
cos 2ϕ0
+
(
LH
2λJ
)2
κ
(
LH
L
)
cos 4ϕ0 = 0, (67)
written for ϕ0 =
{
ϕsaddle0 , ϕ
min
0
}
accordingly. From Eq.
(67) one can see that the finiteness of L leads to strong
variation of Y2 and, consequently τ
−1
esc , as the function of
magnetic field even for small junction with L≪ λJ .
All quantities ∆Asdlmin, T0, τ
−1
esc are oscillatory
functions versus magnetic field (see Eqs.(17),
(30),(34),(44),(55),(62)). As the example let us
consider the behavior of T0(H). In first approximation
by parameter (L/λJ)
2
one can obtain from Eqs.(41)-(55)
following simple expression for the crossover temperature
T0 (H) :
T 20 + εT0 −
ejcSRsh
π
ε
√
δ21 (H)−
(
I
jcS
)2
−2 δ2 (H)
δ21 (H)
(
δ21 (H)−
(
I
jcS
)2)
= 0
with ε = QshT = ~/ (2πRshC
∗) , δ1 and δ2 defined by
Eq. (38). Its physical solution
T0 (H) =
ε
2

1 + 4ejcSRshπε
√δ21 (H)− ( IjcS
)2
− 2 δ2 (H)
δ21 (H)
(
δ21 (H)−
(
I
jcS
)2)
1/2
− 1
 (68)
evidently oscillates versus magnetic field as it is sketched
in Fig. 2. Eq. (68) can be used until the second term
in square parenthesis is smaller than the first one. Close
to the special points (L = πnLH) this condition can be
not valid more and in such a case Eqs.(30),(67) should
be solved exactly.
In contrast to Y2, the pre-factor Y1 contains only terms
with Λk0 (k 6= 0) and in result depends on magnetic field
weakly. Nevertheless this dependence turns out to be
singular due to the logarithmic divergence of the product
in Eq. (62). Details are presented in Appendix B.
Eq. (65) enable us to estimate the width of the
crossover region between Arrenius and macroscopic quan-
tum tunneling regimes. It can be found from condition
that the argument of the Fresnel function is of the order
of one: {
Λ01
}
sdl
∼ 2
√
B. (69)
VII. FINAL REMARKS
Even a weak external magnetic field can change
strongly the value of the critical current of the Josephson
junction of a small size. Note, that some special points
of external magnetic field appear in the problem under
consideration. In the vicinity of these points the pertur-
bation theory fails and the escape time can be calculated
10
only by means of the exact solution of the equations on
T0. and ϕ0. It worth to mention that our general equa-
tions enable us to consider even such points.
In the vicinity of the crossover temperature T0 from
Arrenius law to the quantum tunneling, one can observe
the strong effect of the finiteness of the junction length
L even in the pre-exponential factor.
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IX. APPENDIX A
The eigenvalues Λ0±1 at the saddle point trajectory
tend to zero as T → T0. In result, when one substitutes
the function ϕ (r, τ) in the form Eq. (20) to the action
Eq. (45) and then expands the expression for action in
Taylor series he has to keep ”dangerous” terms, contain-
ing B0±1, up to the fourth order. Moreover one has to
keep also products of the type {(B01)2Bk−2, (B0−1)2 Bk2}.
All other terms (containingBkn with k 6= 0 and n 6= 0,±1)
is enough to take in the second order approximation. In
this way one writes the value of the effective action (45)
valid near both extremal trajectories in the form (see
Ref.13)
T0
L/LH
0 S 3S/2S/2 2S
FIG. 2: Schematic dependence of crossover temperature on
magnetic field
A [ϕ (x, τ)] = A [ϕextr (x)] +
1
2
∑
n,k
Λkn|Bkn|2 −
2~Sjc
e
√
T
∫ L/2
−L/2
dx
L
sin (2ϕextr (x)){
2
B01B
0
−1χ
0
1χ
0
−1
||χ01||||χ0−1||
∑
k
Bk0χ
k
0
||χk0 ||
+
(
B01
)2 (
χ01
)2
||χ01||2
∑
k
Bk−2χ
k
−2
||χk−2||
+
(
B0−1
)2 (
χ0−1
)2
||χ0−1||2
∑
k
Bk2χ
k
2
||χk2 ||
}
− 2~Sjc
e
T
∫ L/2
−L/2
dx
L
cos [2ϕextr (x, τ)]
(
B01
)2 (
B0−1
)2
||χ01||2||χ0−1||2
(
χ01
)2 (
χ0−1
)2
, (70)
where ||..|| is the norm of function. Let us carry out the
integrals entering in the Eq. (70) in the explicit form:
I1 =
∫ L/2
−L/2
dx
L
sin (2ϕextr (x))
χ01χ
0
−1χ
0
0
||χ01||||χ0−1||||χ00||
=
1
S3/2
[
LH
L
sin
(
L
LH
)
sin 2ϕ0
+ 2
(
LH
2λJ
)2
κ
(
LH
L
)
sin 4ϕ0
]
(71)
and
I2 =
∫ L/2
−L/2
dx
L
cos (2ϕextr (x))
(
χ01
)2 (
χ0−1
)2
||χ01||2||χ0−1||2
=
1
S2
{
LH
L
sin
(
L
LH
)
cos 2ϕ0
+
1
2
(
LH
2λJ
)2 [
5κ
(
LH
L
)
cos 4ϕ0 + 3µ
(
LH
L
)]}
(72)
with the function µ defined by Eq. (35). Using these ex-
pressions in Eq. (70) one can obtain the final expression
(56) for the effective action, valid for trajectories close
to the extremal ones. Integrals (71)- (72) appear in Eq.
11
(56) by means of the functions (57)- (58):
γ1 =
2~jcS
e
√
TI1, γ2 =
2~jcST
e
I2. (73)
X. APPENDIX B
One can see that expression for the pre-exponential
factor Y1 (62) is divergent at {n, k} → ∞ (this follows
from Eq. (53)). This divergency has the logarithmic
character and should be cut off at n ∼ Tc/T0 and k ∼
λJ/ℓeff. As result with the logarithmic accuracy one can
find:
Y1 =
(∏
k=1
1√
Λk0
(
∞∏
n=1
1
2Λkn
))
sdl
{(
∞∏
k=1
1√
Λk0
∞∏
n=1
1
2Λkn
)}−1
min
=
exp
{
−1
2
LH
L
sin
(
L
LH
)[
cos
(
2ϕsdl0
)− cos (2ϕmin0 )] ∞∑
k=1
1
1− (LHL πk)2
∞∑
n=−∞
1(
πkλJ
L
)2
+ ζ (n2 +Qsn|n|)
}
·
exp
{
−1
2
LH
L
sin
(
L
LH
)[
cos
(
2ϕsdl0
)− cos (2ϕmin0 )]} λJ/ℓeff∑
k=1
Tc/T0∑
n=−Tc/T0
[(
πkλJ
L
)2
+ ζ
(
n2 +Qsn|n|
)]−1
. (74)
The double sum in the first multiplier in the r.h.s. of this
expression converges at infinity.
1 B.D. Josephson, Phys. Lett.1, 251 (1962).
2 A. Barone, G. Paterno, Physics and Applications of the
Josephson Effect, John Willey, NY (1982).
3 for an excellent review see: A. Leggett, Suppl. Progr.
Theor. Phys. B 69, 80 (1980); J. Clarke, A.N. Cleland,
M.H. Devoret, D. Esteve, and J.H. Martinis, Science239,
992 (1988) and references therein.
4 T. Bauch, F. Lombardi, F. Tafuri, A. Barone, G. Ro-
toli, P. Delsing and T. Claeson, Phys. Rev. Lett. 94,
087003(2005); T. Bauch, T. Lindstrm, F. Tafuri, G. Ro-
toli, P. Delsing, T. Claeson, F. Lombardi, Science 311, 57
(2006).
5 K. Inomata, S. Sato, K. Nakajima1, A. Tanaka, Y. Takano,
H.B. Wang, M. Nagao, H. Hatano, and S. Kawabata,
Phys. Rev. Lett. 95, 107005 (2005); X.Y. Jin, J. Liesenfeld,
Y. Koval, A. Lukashenko, A.V. Ustinov, and P. Muller,
Phys. Rev. Lett. 96, 177003 (2006); Li Shao-Xiong, Phys.
Rev. Lett. 99,, 037002 (2007)
6 A.L. Fetter, M.J. Stephen, Phys. Rev. 168, 475 (1968).
7 M.G. Castellano, G. Torrioli, C. Cosmelli, A. Costan-
tini, F. Chiarello, P. Carelli, G. Rotoli, M. Cirillo and R.
L. Kautz, Phys. Rev. B 54, 15417 (1996).
8 A. Walraff, A. Lukashenko, J. Lisenfeld, A. Kemp,
M.V. Fistul, Y. Koval and A. V. Ustinov, Nature 425,
155 ( 2003).
9 The external magnetic field H is supposed to be directed
along the plane of junction.
10 R.E. Eck, D.J. Scalapino, B.N. Taylor, Phys. Rev. Lett.
13, 15 (1964); I.O. Kulik, Soviet Physics - JETP Let-
ters 2, 84 (1965); Yu.M. Ivanchenko, A.V. Svidzinskii and
V.A. Slyusarev, Soviet Physics - JETP 24, 131 (1967);
A.I. Larkin, Yu.N. Ovchinnikov, Soviet Physics - JETP
26, 1219 (1968).
11 V. Ambegaokar and B.J. Halperin, Phys. Rev. Lett.
22,1364 (1969).
12 It is of great interest also the recent theory concerning
the switching rate of a Josephson junction in the presence
of a device producing non Gaussian noise (see Hermann
Grabert, Phys. Rev. B 77, 205315 (2008)).
13 Yu.N. Ovchinnikov, A. Barone, A. Varlamov, Phys. Rev.
Lett. 99, 037004(2007).
14 Yu.N. Ovchinnikov, A. Barone, Journ. Low Temp. Phys.
67, 323(1987).
15 A.I. Larkin, Yu.N. Ovchinnikov, Soviet Physics - JETP
59, 420 (1984).
16 Yu.N. Ovchinnikov, I.M. Sigal, Phys. Rev. B 48, 1085
(1993).
17 A.I. Larkin, Yu.N. Ovchinnikov, Soviet Physics - JETP
57, 876 (1983).
18 A.I. Larkin, Yu.N. Ovchinnikov, Phys. Rev. B 28, 6281
(1983).
19 The motion in the classically allowed region is described
by the same functional Eq. (7) in the assumption t = t1
(the latter eliminates third term in Eq. (7)).
